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Properties of Ultraspherical Polynomials
The ultraspherical or Gegenbauer (see [6] ) polynomials {P_(X)(x)}_=0 are orthogonal on the interval [-1,1] with respect to the weight function w_(x) = (1 -12) _, i.e.,
In order that the weight function is non-negative and integrable we assume 7 > -1. The ultraspherical polynomials are eigenfunctions of the following singular Sturm-Liouville problem
A consequence of this is that spectral accuracy can be achieved for expansions in ultraspherical polynomials. This class of orthogonal polynomials is a subclass of the Jacobi polynomials. 
This recurrence relation may be solved to yield r(_ + 27+ 1)_ r(_ + 7 + 2k)#__1) _) = (2_+ 2_+ 1) r(_ $-_+ 1) = r(_ + 2_+ 2k)"+'_-I' for q > 1 where a(O) = a,_ and P(.) is the Gamma function.
(5)
The Tau Method for a Model Problem
Consider the boundary value problem
where ,_ is a real scalar.
Suppose that we approximate u(z) by a truncated expansion of ,,_(x) = _ _nPn(")(x). n=O We seek to determine a,,(0 < n < N) using the tau method.
The coefficients a, are chosen so that UN(Z) satisfies (8) .=o '
Thus (11) and (12) 
for all n > 0, q > 1.
Proof
For q = 1 (13) reduces to (5) when q = 1. We proceed by induction and assume that the theorem is valid for q. We need to show that it is valid for q ÷ 1, i.e., 
We replace q by q ÷ i in (5) and then substitute for a_) using (13), which is the inductive hypothesis, to give .,r(n+27+ 1)k__ r(n+-r+2k) [(2n+2-r+4k-1)r(n+2-r+2k) "_+'}=(_"_+2"r+')r(,_+. (17)
If we set p = k + 1 then (18) 
Now the left-hand side of (17) may be written as (2n + 2777+ 3) (g + q -1)!r(2n + 23" + 2g + 2q + 2)p(n + 777 + g + 3)
g!r(2n + 2777' + 2g + 5)P(n + 777 + g + q + 1)
+ t+l_(2n + 2777 + 4k -1_(g -k + q)!P(2n + 2777 + 2k + 2g + 2q)P(n + 777 + k + g + 2)
_=2 ' (g-k+ 1)m(2n+ 23' + 2k+ 2g+ a)r(. +3"+ k+ g+ q) '
which, in view of (19), is equal to the following which is the right-hand side of (17). This completes the inductive step and proves the lemma.
Application of the lemma to the expression in square brackets on the right-hand side of (15) gives (14) 
Simply set "7 = 0 in (13).
Corollary 2 ([3])
The corresponding Chebyshev derivative coefficients are related by
where Co = 2, c_ = l(n > 0).
(21) 
Now application of the formula (2m)! 2_'_m! r(,_ + {j -r({)
to each of the terms in square brackets on the right-hand side of (23) yields (21) for rt > 0.
The special case rt = 0 may be derived in a similar way.
Conclusions
This paper proves formulae associated with the differentiation of expansions of ultraspherical polynomials and describes how they can be used to solve two-point boundary value
problems. Formulae relating the coefficients in expansions which have been differentiated an arbitrary number of times to those in the original expansion are proved.
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